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Measurements of rivulet flow between parallel vertical plates
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Abstract

The research presented considers laminar, fully-developed rivulet flow in the channel formed by two parallel vertical
plates for flows intermediate between a lower limit of droplet flow and an upper limit where the rivulets meander. Although
this regime is likely the most simple rivulet flow regime, it does not appear to have been previously investigated in detail. In
an earlier paper, the authors derived relations to predict the terminal Reynolds number and non-dimensional width of the
rivulet under the approximation that the width is large relative to the gap width of the plates (the spacing between the
plates). The objective of the present study is to examine the limits of this simple treatment as the relative width becomes
small, i.e., as the rivulets become narrow. Experiments were performed measuring rivulet widths and flow rates for gap
widths ranging from 0.152 mm to 0.914 mm with water, light mineral oil, ethyl alcohol and water with a wetting agent.
Predictions were found to agree well with the measurements for width-to-spacing ratios as low as unity and less. A numer-
ical analysis shows that a plausible explanation of unexpected agreement for narrow rivulets is that the error in this
one-dimensional assumption is approximately countered by the error in neglecting flow in the edge region. To account
for curvature of the liquid–air interface at the edges, an additional geometric relationship was assumed; this approach also
was found to be a good representation.
Published by Elsevier Ltd.
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1. Introduction

Rivulet flow along a single surface (‘‘single-sided’’) has been studied extensively during the past four
decades. In one of the first studies, Hartley and Murgatroyd (1964) characterized the falling-film-to-rivulet-
flow transition using both force and energy criteria. Over time, this work was followed by many other studies
that described the film-to-rivulet transition, rivulet geometry, rivulet stability and the transition to meandering
flow (Anand and Bejan (1986) defined meandering flow as occurring when bends in the rivulet trajectory of
greater than thirty degrees from vertical were observed). A few examples include studies by Towell and
Rothfeld (1966), Mikielewicz and Moszynski (1976), Bentwich et al. (1976), Young and Davis (1987), Schmuki
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and Laso (1990), Duffy and Moffat (1995), Alekseenko and colleagues (1995,1996,2005), Hughes and Bott
(1998), Johnson et al. (1999), Wilson and Duffy (1998, 2003), Myers et al. (2004), and Le Grand-Piteira
et al. (2005). Much of the rivulet flow research has been motivated by the need to characterize heat and mass
transfer for high-flux heat exchangers cooled by external flow (i.e., flow over a body or surface rather than
internal flow as through ducts) and by geophysical applications. Predictions of the transition from thin film
flow to rivulet flow and the rivulet flow geometry provide the flow boundary conditions and heat transfer area
for convection to the flowing liquid. An example is the study by McCreery et al. (1989), who studied falling
film and rivulet flow distributions and heat transfer for a heated steam generator tube in a vertical orientation.

The work reported in this manuscript was motivated by the need to obtain a better understanding of fluid
flow and the transport of contaminants, such as toxic metals and radionuclides, in fractures in the Earth’s sub-
surface. The formation of rivulets allows water and associated contaminants to penetrate further and faster
into the subsurface than for film flow. The transition from film flow to rivulet flow is expected to be partic-
ularly significant for the penetration of water into partially-saturated, fractured porous materials since reduc-
tion in the contact area between the invading fluid and the fracture surfaces will reduce loss of fluid from the
fracture aperture (i.e., the space between the walls forming the fracture) by imbibition into the porous matrix.
Channeling the flow into rivulets will therefore allow the fluid remaining in the fracture to penetrate further
and more rapidly.

In comparison with research on external rivulet flow, rivulet flow confined by two surfaces (‘‘double-sided’’)
has received almost no attention despite applications such as flow in geological fractures and liquid cooling of
finned heat exchanger tubes. Anand and Bejan (1986) performed an experimental study of the transition from
laminar to turbulent flow for rivulet flow between parallel plates. The transition was marked by an abrupt
change to meandering flow, which the authors described as being a similar phenomenon to buckling of fluid
layers. Su et al. (2001) studied solute transport in unsaturated fractures both experimentally and analytically.
Their investigations included intermittent rivulet flow, which the authors characterized as ‘‘snapping rivulet’’
and ‘‘pulsating blob’’ modes. Nicholl et al. (1994) reported research on the gravity-driven wetting front insta-
bility in initially dry fractures with experiments that employed a transparent simulated fracture with rough
walls. Fernandez et al. (2001) investigated wavelength selection of fingering instabilities in Hele–Shaw cells.
Drenckhan et al. (2004) investigated wave formation on rivulets of surfactant solution flowing between nar-
rowly spaced glass plates and formulated relationships between wavelength, amplitude, and plate separation.
The relationships lead to a prediction of the stable to meandering rivulet flow transition. Stedtfeld et al. (2005)
investigated multiphase flow in parallel-wall channels and simulated fracture apertures. The effect of Bond
number, the ratio of gravity to capillary forces, was varied by employing a centrifuge to vary the body force
representing gravity. Flow regimes, including rivulet flow, and regime transitions were characterized.

Gravity-driven instabilities occur when a dense fluid overlies a lighter fluid and the combination of capillary
and viscous forces is not sufficient to stabilize the displacement front. The resulting liquid fingers penetrate the
fracture. The initial finger width for displacement of gas by liquid may be predicted for flow in narrow
parallel-wall channels (a.k.a. Hele–Shaw cells) using linear stability theory. A rivulet may be formed when
a finger that has propagated through the channel continues to be supplied with liquid. The width of the finger
is typically considerably wider than that of the ensuing rivulet because capillary force at the advancing finger
tip retards its penetration into the aperture. When fluid is injected at one position at the top of an initially dry
parallel channel, the initial flow consists of a large slow-moving drop with a trailing rivulet attached, as shown
in Fig. 1. If the flow rate is sufficiently large, the rivulet is maintained after the drop has drained. If the flow is
below a critical lower limit, the rivulet breaks and a new drop with a trailing rivulet will form (Stedtfeld et al.,
2005). The new drop and subsequent drops are smaller and faster moving than the initial drop because wetting
is facilitated by a thin layer of fluid deposited on the walls by the initial drop. As the flow rate is further
increased, the rivulets begin to meander with approximately sinusoidal paths. At even higher flow rates, the
meandering is unstable and the trajectory whips about as an out-of-control garden hose does. The rivulet
may then break into a number of separate rivulets which may again combine and break in a chaotic fashion.

McCreery and McEligot (2004) applied the assumptions and approximations of Anand and Bejan (1986) to
the simpler situation of a fully-developed rivulet flow. In this case, the dominant phenomena reduce to the
viscous stresses and gravity so that dimensional reasoning shows that the rivulet width should be proportional
to the quantity Qm/gd3 – where Q is the volumetric flow rate, m is the kinematic viscosity, g is the acceleration



Fig. 1. Photograph of water drop with trailing rivulet.
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of gravity and d is the plate spacing (Peregrine, 2004). (However, the dimensional analysis does not provide the
constant of proportionality). It is predicted that the terminal velocity, the final velocity achieved when viscous
force balances gravitational force, and Reynolds number (based on twice the plate spacing) depend on the
spacing and fluid properties and are independent of the total flow rate; the rivulet spreads to accommodate
the imposed flow. The analysis was based on the assumption that the width in the spanwise direction is con-
siderably larger than the spacing, so edge effects could be neglected. Since the edge region includes additional
wall shear stress and an addition to the gravitational body force, the errors involved in neglecting this region
may counter each other to some extent. Thus, one may expect that the predictions would apply to narrower
rivulets than implied by the assumption. While a two-dimensional numerical solution has been conducted, it is
also appropriate first to examine the need experimentally. Accordingly, the main objective of the present work
is taken to be to determine the limits of the simple treatment as the rivulet width becomes small in comparison
with gap width. Emphasis is on laminar flows between the lower flow drop regime limit and the upper mean-
dering flow limit. The experimental method, experiment uncertainties and data are described; predictions
using the simple approach and related extensions are compared with experimental results.
2. Analytical considerations

For ‘‘narrow’’ rivulets the horizontal cross-section can described as shown in Fig. 2 where an inner width
Wi and an outer width Wo are defined. The geometry of the liquid–gas interface is approximately circular since
the imposed gas pressure and the internal liquid pressure are constant and the constant differential pressure,
calculated from the Laplace equation (de Gennes et al., 2004), is equal to r/r where r is the surface tension and
r is the radius (this representation is based on the assumption that the radius in the flow direction is infinite). If
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Fig. 2. Schematic diagram of rivulet cross-section with nomenclature employed. The solution region for the simple solution is shown.
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one approximates the liquid–air interface as a circular arc, the trigonometric relationship between these two
widths is (McCreery et al., 2005)
ðW o � W iÞ=d ¼ ð1� sin aÞ= cos a
where a is the contact angle (Fig. 2). That is, the non-dimensional extent of the edge region is predicted to be a
function of contact angle alone. The width difference (Wo �Wi) then increases directly as the spacing does.

For completeness, we repeat the assumptions and approximations of McCreery and McEligot (2004). For
this treatment, we orient the coordinates such that z is vertical, x is spanwise, and y is normal to the vertical
plates, as shown in Fig. 2, and assume

• the fluid is incompressible and has constant properties,
• flow is steady and laminar,
• fluid density is constant and much greater than density of its surroundings,
• interface shear with surroundings is negligible at the edges (oVz/ox � 0),
• flow is fully-developed away from the inlet,
• the inner width Wi is much greater than the distance between it and the outer width Wo, hence the curved

interface region can be neglected.

Under these assumptions and approximations, it can be shown from a force balance between gravity and
viscous forces that the flux
Q ¼ dV bW ¼ gW d3

12m
where, Vb is the bulk or average velocity and W corresponds to Wi in Fig. 2.
Stated in non-dimensional terms,
Wgd3

Qm
¼ 12
The Reynolds number is then,
Re ¼ V b2d
m
¼ 2Q

mW
¼ gd3

6m2
The Reynolds number depends on the plate spacing and fluid properties and is independent of the total flow
rate. Thus, for a given spacing, increasing the imposed flow rate leads to spreading the rivulet width but does
not affect the Reynolds number. The choice of 2d as the characteristic dimension is retained to be consistent
with the development by McCreery and McEligot (2004); it is the hydraulic diameter of the idealized flow
region, not including the hypothesized non-flow edge region.

3. Experimental method

As noted above, the main objective of the present study is to examine the limits of this simple treatment as
the relative width Wi/d becomes small, i.e., as the rivulets become narrow. Accordingly, experiments were con-
ducted to characterize rivulet flow between two vertically-oriented parallel glass plates with dimensions
30.5 cm by 14 cm using the apparatus shown in Fig. 3. The gap width was set by clamping spacers (shims)
between the two glass plates as shown in Fig. 3b. Average gap widths used in these experiments were
0.168 mm, 0.419 mm, 0.597 mm and 0.902 mm. The variation of these values was approximately
±0.012 mm; this variation was determined by use of feeler gages, which have thickness tolerances of approx-
imately ±0.005 mm. Rivulet inner and outer widths (Wi and Wo in Fig. 2) were measured as functions of flow
rate for several fluids: water, water plus wetting agent (Kodak PhotoFlo solution mixed 8 parts per 10,000
water), ethyl alcohol and light mineral oil. Relevant fluid properties are listed in Table 1 for a temperature
of 21 �C; the operating temperature was kept within one degree of this value. The contact angles were mea-
sured using the sessile drop method (Schmittbuhl et al., 1993) with a contact angle instrument (Model



Fig. 3. Schematic diagrams of experiment: (a) top view of overall experiment and (b) top and side views of the flow channel with its holder.

Table 1
Fluid propertiesa and static glass–fluid contact angleb at temperature = 21 �C

Density (kg/m3) Kinematic viscosity (m2/s) Static contact angle (�)

Water 998 0.98 · 10�6 15
Water plus Wetting agent (1 part/8000) 998 0.98 · 10�6 11
Mineral oil 835 ± 2 1.42 · 10�5 ± 0.03 · 10�5 7
Ethyl alcohol 789 1.18 · 10�6 5

a Fluid properties are from Weast (1971) and, for mineral oil, from Orr et al. (1997).
b Contact angle measurements were obtained using an FTA200 Contact Angle Analyzer from First Ten Angstroms, Inc.
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FTÅ200 by First Ten Angstroms of Portsmouth, Va.). The results are reported as the average of three contact
angle measurements.

Flow was delivered by a KDSyentific model 100 syringe pump with a maximum flow rate of 557 ml/h, a
digital readout resolution of 0.1 ml/h and an uncertainty of approximately 1% input flow rate (after calibra-
tion). Solitary rivulets were generated at the same initial position by delivering fluid to a wedge-shaped piece of
porous material (coffee filter paper) inserted between the two plates. It was necessary to wrap wick material
around the inlet tube; otherwise, entrainment of small air bubbles was observed to occur during several unsuc-
cessful experiments. The consequence of air bubbles was to destabilize the flow and cause either oscillations or,
in experiments that employed the largest gap width, meandering rivulet flow. The glass plates were cleaned
carefully before each experiment using acetone first and then ethyl alcohol.

The rivulets were observed to contract in width below the injection point (due to fluid acceleration by grav-
ity) and then approach an approximately constant width as the terminal velocity was approached. The average
width was measured from digital images taken of an area, approximately 20 cm below the entrance, where the
rivulets appeared to have reached their terminal velocity. This position provided upstream lengths more than
60 times the spacing. For steady laminar flow between parallel plates, the development length is of the order of
L/d � 0.02Re, where L is the distance from entrance (Schade and McEligot, 1971). Therefore, the lower the
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Reynolds number Re is, the shorter the distance required to approach the fully-developed state. At the max-
imum Reynolds number of this experiment, this development distance would be about 30 times the spacing.
The distance from the measurement position to the channel exit (approximately 10 cm) was sufficient to insure
that exit effects did not disturb flow in the measurement region.

The measurement area imaged by the camera was typically 19.60 mm by 14.90 mm. For experiments that
employed the minimum gap width, porous sponge material was placed at the channel exit to wick away liquid
and to prevent the formation of a liquid column above the exit due to capillary forces. Experiments that
employed larger gap widths drained freely and wicking at the channel exit was not necessary.

The boundaries of the inner part of the rivulet are prominently visible as dark lines in images due to the
effects of refraction and total internal reflection at the fluid–air interfaces as shown in Figs. 4 and 5. The outer
rivulet boundary was not visible unless an additional technique of interposing a black mask between the dif-
fuse light source and rivulet boundary was used as also shown in Figs. 4 and 5. The mask was manually placed
Fig. 4. Photograph of typical rivulet demonstrating masking process.
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Diffuse light source

To camera

Rivulet

α

Fig. 5. Examples of light paths through a rivulet.
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in a position so that white light was refracted to the camera from inside the rivulet boundary, thereby contrast-
ing with the black mask immediately outside the rivulet boundary. Although dye mixed in the fluid made the
outer boundary marginally more visible, the dye decreased the contrast of the inner boundary and was not
used for the majority of experiments. Use of collimated light rather than diffused light increased the contrast
of the inner width boundary but decreased the visibility of the outer boundary. The best compromise was to
use diffuse light with the diffuser placed approximately 20 cm behind the channel.

Average rivulet inner width Wi shown in Fig. 2, was measured by either of two procedures: (1) For rivulets
where the width did not vary significantly with vertical position, the inner pixel width was measured directly at
typically five locations and the results were averaged. Average pixel width was then divided by a calibration
constant to determine width. (2) For rivulets whose profile varied with position, such as the rivulet shown in
Fig. 4, the following method was used:

1. Transform the image to a black and white image via Photoshop Elements 2.0 software (Adobe, 2002).
2. Select the inner boundary using the Photoshop ‘‘magic lasso’’ tool.
3. Color the area within the inner width black.
4. Measure the number of black pixels using ImageJ software (Rasband, 2003).
5. Divide the number of black pixels by the pixel length of the image of the rivulet and employ the calibration

constant to provide the average rivulet width in millimeters.

The difference between outer width and inner width (Wo �Wi) was determined by measuring the average
difference between the outer boundary position and the inner boundary position on the side at which a mask
was used to make the outer boundary visible (Figs. 4 and 5). Twice the average difference was then added to
the measured inner width to determine the outer width.

The measured Reynolds number was calculated from the measured flow rate as
Remeas ¼
V b2d

m
¼ 2Q

mW i
in accordance with the assumption that the flow in the edge regions can be neglected.

4. Estimated experimental uncertainties

The experimental results are subject to a number of sources of uncertainty. We believe that the four most
important sources of uncertainty are (in order) gap width, the resolution of the rivulet boundaries in the
images, parallax in viewing an off-center image of a rivulet and static contact angle. Uncertainties in the res-
olution of rivulet boundaries and the uncertainty due to parallax result in uncertainties in measured width and
Reynolds number. Uncertainties in measured gap width result in uncertainties in predicted values of Wi, Wo

and Reynolds number gd3/6m2. The uncertainty of measured contact angle contributes to the uncertainties of
the predicted values of (Wo �Wi) and hence Wo. The approach of Kline and McClintock (1953) was
employed to estimate the propagation of the estimated measuring uncertainties into the results. Some key val-
ues are listed in Table 2.

The gap width is set by clamping shims with a tolerance of approximately ±0.005 mm between glass plates.
Gap width was measured using feeler gauges with a stated manufacturing tolerance of ±0.005 mm. The var-
iation of measured gap width around the mean was approximately ±0.013 mm. Although this variation is
small, it had a large effect on predicted values of rivulet width for the smallest gap width since it enters the
prediction to the third power. The uncertainty of predicted Wi, (12Qm/gd3), is dominated by the uncertainties
in measuring gap width. Based on the manufacturer’s stated tolerance for the measurement of contact angle,
we estimate that its uncertainty is about is one degree or less. The uncertainty in predicting Wo, using mea-
sured gap width, is due to uncertainties in contact angle and in predicted Wi, which is also due to uncertainty
in gap width. The uncertainty of predicted Reynolds number (gd3/6u2) is dominated by the uncertainty of mea-
sured gap width; its percent uncertainty is therefore approximately the same as for the predicted Wi.

The resolution in measuring width from the digital images was approximately three pixels or about
±0.04 mm. The uncertainty of measuring Wo is larger than for Wi since two measurements are added together



Table 2
Estimated experimental uncertainties

Estimated experimental uncertainties

Gap width d ±0.013 mm
Pixel resolution ±0.04 mm
Parallax �0.01–0.0 mm
Measured Wi ±0.04–0.045 mm

±7% (high Q)– > 30% (low Q)
Flow rate Q ±1% of value
Contact angle a ±1% of angle
Predicted edge region (Wo �Wi)/d Approx. ±1.8% (5 < a < 15 deg)
Measured Rem(=2Q/mWi) ±7% (high Q)–> 30% (low Q)

Uncertainties related to gap width

Gap width d 0.168 mm 0.419 mm 0.597 mm 0.902 mm
Measured gap width d ±7.7% ±3.1% ±2.2% ±1.4%
Predicted Wi(=12Qm/gd3) ±23% ±9.4% ±6.6% ±4.4%
Predicted (Wo �Wi) ±7.9% ±3.6% ±2.8% ±2.3%
Predicted Re(=gd3/6m2) ±23% ±9.3% ±6.5% ±4.3%
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to determine this width; this contribution to the uncertainty in Wo is approximately ±0.06 mm. An additional
uncertainty in measuring Wi was due to the parallax between the near and far walls of the channel for an off-
center rivulet. Parallax was minimized by placing the camera lens approximately 40 cm from the flow cell and
using the maximum focal length available on the zoom lens. The angular field of view was thereby reduced to
approximately 3�. The concave fluid surfaces bounding Wi also contribute to minimizing parallax error. The
maximum uncertainty due to parallax was calculated to be approximately �0.01 mm (parallax error always
reduces the measured width) for the largest gap widths; it is proportional to gap width and therefore smaller
for experiments with smaller gap widths.

The maximum estimated uncertainty in Wi data is a combination of the pixel resolution and the parallax
uncertainties. It varied from approximately ±0.04 mm for the smallest gap width to approximately
±0.045 mm for the largest. The relative uncertainty of measured Wi varied from approximately 7% of mea-
surement at the highest flow rates to 30% at the lowest. Exceptions are for the experiments that used water
or water plus wetting agent for flow through the largest gap width. For those experiments the relative uncer-
tainty varied from approximately 15% at the highest flow rates to ±65% at the lowest. The uncertainty in mea-

sured Reynolds number (=2Q/mWi) is dominated by the uncertainty of measured Wi. The percent uncertainty
of Rem is therefore approximately equal to that of Wi.

5. Experimental results and discussion

Measurements with the four fluids were obtained over a range of gap widths giving �5 < Remeas < 1400.
With these fluids and gap widths, imposed flow rates were varied to yield non-dimensional inner widths over
a range �0.05 < Wi/d < �90. Tabulations of the data and additional presentations of results are provided in a
technical report by McCreery et al. (2005).

Figs. 6 and 7 provide typical examples of the data in terms of the quantities measured directly. gap widths d
(denoted ‘‘gap widths’’) are indicated on the ordinates for comparisons to allow visual estimates of the aspect
ratio Wi/d. Also shown are the predictions from the simple analysis of McCreery and McEligot (labeled
‘‘calculated’’) for the same conditions. Predictions of Wi use measured values of flow rate and gap width; they
are presented as two lines in each graph, one representing the gap width at minimum tolerance and one at
maximum tolerance. In Fig. 6 predictions for the average measured gap width (d = 0.168 mm) are shown
as a third curve which agrees well with the data. Predictions of Wi agreed well with measured values and were
within the estimated experimental uncertainties. In accordance with the simple analysis, an approximately
linear relationship between Wi and flow rate was maintained for Wi considerably smaller than gap width
for all experiments, except for the one experiment which employed the minimum gap width of 0.168 mm.
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Fig. 6 shows behavior with water for small gap widths at flow rates leading to wide rivulets. Resulting widths
reach fourteen times the gap width. This situation is the basis for the assumptions mentioned earlier; due to
the small gap width, the extent of the edge region (Wo �Wi) is negligible relative to the rivulet width. Since the
assumptions are essentially met, the agreement between prediction and data is excellent, as one would expect.
However, even at low flow rates – where the width becomes comparable to the gap width – the agreement
appears good.

In Fig. 7 with mineral oil as the fluid, at low flow rates there are measurements where inner widths are less
than the gap width. At flow rates lower than about 150 ml/h, the neglected edge region is larger than the cen-
tral region which is treated alone in the simple analysis. Yet the prediction continues to follow the data. And
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for this ‘‘large’’ gap width the circular arc approximation leads to reasonable estimates of the size of the edge
region and therefore Wo. Based on such observations, we took the main objective of this study to be to deter-
mine the limits of the simple analysis as the relative width becomes small.

Predicted values of outer rivulet width (Wo) agree with experimental results to within about 20% or better.
Predicted values of Wo were based on the averages of the gap width measurements and the inner width. As indi-
cated earlier, some uncertainty in measuring the outer width is attributed to the difficulty of measuring it in
comparison with the inner width. An uncertainty of the contact angle of the order of one degree will result
in an uncertainty of predicted (Wo �Wi) of approximately 3% of gap width for the range of angles measured.
Contact line dynamics may also contribute to this uncertainty since an effective contact angle is known to vary
considerably due to motion of a contact line. Advancing contact lines usually have contact angles that are larger
than the static contact angle and receding contact lines typically have contact angles that are smaller than the
static contact angle (Hewitt et al., 1982). However, the experiments of Rio et al. (2004) showed the contact angle
around a dry patch is nearly constant and equal to the static advancing angle, at least when the evolution of its
shape is followed for increasing flow rates. Although the assumption of a static rivulet boundary is accurate for
most present cases, the rivulet boundaries were observed to move slowly in other cases.

The prediction that the non-dimensional width gWid
3/Qm is approximately equal to twelve is examined in

Fig. 8 as a function of Wi/d. In the figure it has been normalized via division by twelve so agreement is rep-
resented by a value of unity. As emphasized earlier in the assumptions of the simple treatment, agreement is
expected for Wi/d significantly greater than unity and, in general, it is seen. With the exception of the run for
water with the narrowest gap width = 0.168 mm (circles), most data confirm the prediction down to Wi/d less
than unity. Some agree to values as low as Wi/d � 0.1, i.e., almost no central region and well beyond the
expected validity of the assumption. (The one run which is a bit high at Wi/d > 1 has the smallest gap width
so its percent sensitivity to measurement of d3 is greatest, about 23% which is the order of the difference seen.)

The consequence that the Reynolds number is independent of flow rate is examined with Fig. 9. The mea-
sured Reynolds number, Remeas = 2Q/mWi, is normalized by the predicted value, Repred = gd3/6m2, which is
still sensitive to the measured gap width. Since flow rate is predicted to be proportional to rivulet width for
a given fluid and gap width, the abscissa is again chosen to be Wi/d. Low flow rates are therefore on the left
and high ones on the right. One sees that the normalized Reynolds number is approximately independent of
flow rate until Wi/d is reduced to about unity or less where the width prediction weakens. Since the ratio of
measured to predicted Reynolds numbers, Remeas/Repred, is the reciprocal of the normalized width shown in
Figs. 8 and 9 is essentially the inverse of Fig. 8 and one sees a one-to-one correspondence between the
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individual data points, low Reynolds number for high width and vice versa. Again the data for water with
d = 0.168 mm (circles) show the greatest disagreement for 1 < Wi/d < �12 and the trend of the Reynolds num-
ber data for mineral oil at Wi/d < �0.4 mirrors its width data (inverted triangles).

While more exact analysis is beyond the scope of the present work, one can use a numerical treatment to
reveal one explanation for the unexpected agreement. The finite-element code FlexPDE (PDE Solutions,
2004) was applied to steady laminar flow between two parallel plates. FlexPDE is a general, partial-differen-
tial-equation solver that uses the finite element method for numerical solutions of boundary value problems.
The present solution was applied to a three-dimensional region. The geometry was confined to a half rivulet
with a given contact angle and a semi-circular liquid–air interface. The body force per unit volume was set
equal to qg. No-slip conditions were prescribed on the plates and no-shear (free slip) conditions were imposed
along the cylindrical interface between liquid and gas. An example of the predicted velocity distributions is
shown in Fig. 10 for an aspect ratio of Wi/d = 1.633 and a typical water-glass contact angle of fifteen degrees.
This plot is a two-dimensional slice through the calculation domain. The contours of the velocity component
in the rivulet flow direction (vertical) are normalized by their maximum value which occurs at the 0,0 coor-
dinate. In the edge region one sees flow (i.e., not zero velocity) that was not treated in the simple analysis of
McCreery and McEligot (2004). On the other hand, in the central region the distribution is not one-dimen-
sional in the spanwise direction as assumed in the analysis. Along the centerplane parallel to the plates, the
predicted velocity maxima decrease as the free surface is approached. Consequently, the total flow rate in
the central region is less than implied by the assumptions of the simple analysis. These two effects – additional
flow in the edge region and reduced flow in the center – apparently counter each other so that the predicted
width and Reynolds numbers show reasonable agreement with measurements even for narrow rivulets (i.e.,
Wi < d).

Calculations with the finite element code were conducted with a typical contact angle of fifteen degrees for
water over a range of rivulet and gap widths. A comparison of the numerically predicted flow rate QFE and the
simple approximation Qsimple is presented in Fig. 11 for this wetting angle. The ratio of flow rates for a given

aspect ratio is
QFE=Qsimple ¼
R

V z dA
gd3W i

12m

� �
where A is the flow area normal to the flow direction and Vz is the velocity component in the flow direction.
The flow rate ratio is solely a function of geometry and not fluid properties since one sees, from an



Fig. 10. Example of prediction from three-dimensional finite-element solution showing contours of streamwise (vertical) velocity
component (contour interval is 5% of the maximum velocity, which occurs at the coordinates 0,0).
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examination of the Navier–Stokes formulation for this problem, that Vz is proportional to qg and inversely
proportional to l.

In addition to the finite element predictions, a second one-dimensional approximation was derived for
comparisons (McCreery et al., 2005); in this case the parabolic laminar velocity profile was extended to the
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liquid–gas interface and the balance between wall shear and gravity forces included the edge region. The
resulting expression for the ratio of flow rates is
Q1D

Qsimple

¼ W 0
i þ

1� sin a
cos a

þ 1

2
tan a� p=2� a

2 cos a

� �2 3
2
V b

½W 0
i þ

1=2ð1�sin aÞ
cos a �W 0

i

where W 0
i ¼ aspect ratio ¼ W i=d and the average (or bulk) velocity is
V b ¼ Q=A ¼ Q= W idþ d2 1� sin a
cos a

þ 1

2
tan a� ðp=2� aÞ

2 cos2 a

� �� �
Predictions from the finite element and the ‘‘full-width,’’ one-dimensional approaches are compared to each
other and to the result from the simple treatment in Fig. 11 in terms of the non-dimensional flow rate 12mQ/
gWid

3. One sees that the three curves approach close agreement for aspect ratios of ten or so, as expected.
However, the agreement is still within about 4% for aspect ratios significantly below unity. For water and
Wi/d greater than about 0.15, the finite element prediction agrees with the simple analysis within 5%. Conse-
quently, despite the expected limitations of its assumptions, we see – from both the two-dimensional numerical
treatment and the measurements – that the predictions from the simple analysis appear reasonable down to
aspect ratios below unity. (While the non-dimensional flow rate is a function of both contact angle and aspect
ratio, finite element predictions for an angle of 5� showed only a slight difference, agreeing with those for 15�
within about 1%.)

At first glance, this ‘‘full-width’’ one-dimensional approach might seem superior to the simple approach
since the shape of the flow rate versus width curve in Fig. 11 is similar to that of the numerical solution. How-
ever, this solution, like the simple approximation, does not satisfy the boundary condition of zero shear stress
at the liquid–gas interface (because, although the derivative of velocity with respect to the spanwise direction is
zero, the derivative of velocity with respect to distance normal to the interface is not necessarily zero). Also,
the one-dimensional treatment does not provide an overall increase in accuracy (note in Fig. 11 that the simple
treatment gives closer agreement to the numerical solution for values of Wi/d greater than about 2 and the
one-dimensional treatment gives better agreement for smaller values of Wi/d, except in a region near 0.2).

Additional limitations on application of the approximate analysis are related to the flow rate, gap width and
Reynolds number. When the flow rate is too small, individual droplets are observed rather than the rivulets
treated here. If the Reynolds number becomes too high, the rivulets meander.

Most exceptions to the agreement between predictions and measurements occurred at very low flow rates
near the drop flow limit where Wi data tended to be larger than predicted for flow rates. Fig. 12 demonstrates
this behavior for ethanol flow with a gap width that is of the order of Wi for the range of flow rates employed.
Below about 50 ml/h droplets appear instead of steady rivulets. One sees that, as the flow decreases below
about 150 ml/h, the Wi data exceed the predicted linear decrease. Fig. 8 showed that in almost all cases the
divergence is an increase in measured width of the central region compared to the prediction. A comparison
with the finite-element results in Fig. 11 indicates that the simple approximation underpredicts the flow rate
for a given width at the smallest aspect ratios (say Wi/d < �0.15 or so). For most cases with ‘‘moderate’’ to
‘‘large’’ gap widths (0.597–0.902 mm), further decrease in flow area gives droplet flow (an exception is the min-
eral oil in Fig. 7 maintaining rivulets to the smallest flow rates measurable – while diverging from the predic-
tion). The transition between rivulet and droplet flow displays considerable hysteresis as a function of flow
rate change with time. Hysteresis was not investigated in any detail, except to note that rivulet flow may be
maintained at lower flow rates for decreasing flow than for increasing. One reason for this result may be that,
for decreasing flow rates, the residual lubrication film deposited by successive drops is wider and thicker than
for increasing flow rates.

The meandering flow limit was investigated by Anand and Bejan (1986), Drenckhan et al. (2004), and Stedt-
feld et al. (2005). According to the criterion of Anand and Bejan, meandering flow is likely to be observed
when the Reynolds number based on gap width (d) approaches 2100. The maximum Reynolds number for
our experiments was approximately 1400 when based on 2d. Thus, our maximum Reynolds number would
have been about 700 in terms of their definition. Consistent with their (and the other researchers) results,
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we did not observe meandering flow (which they defined as bends in the rivulet trajectory of greater than thirty
degrees from vertical) within the range of the present experiments.

According to Stedtfeld et al. (2005), another flow regime occurs when the gap width is too large to maintain
a rivulet attached to both walls. Rivulet flow is then observed attached to one or the other wall or as separate
rivulets attached to both walls. However, gap widths were sufficiently small in the present experiments that this
regime was not observed and its determination was beyond the scope of the present investigation.

The treatment of McCreery and McEligot – dividing the flow into an inner region, where all the flow
occurs, and an outer static region – is a simplification of the actual two-dimensional flow field where stream-
wise velocity will change continuously from the inner region to the boundaries, as the finite-element results
indicate. A full treatment of dynamic laminar (or turbulent) rivulet flow would require a three-dimensional
solution of the transient Navier–Stokes equations, with consideration of dynamic contact angles and their hys-
teresis effects. However, the contact angle may change unpredictably with position due to microscopic surface
changes (even for very well cleaned plates); the resulting rivulet width varies slightly with position and the
trajectory varies slightly from vertical as Fig. 4 shows. The assumption of steady-state is itself a simplification
since rivulets are usually observed to wander at least slightly over time. Slight lateral displacements of a rivulet
are restored by capillary forces due to the advancing contact angle being larger than the receding one. Slight
wandering is more apparent with fluids having lower viscosity and higher wetting angles. Rivulets of water and
ethyl alcohol wander more than those of mineral oil and the addition of a wetting agent to water quiets the
wandering despite the lower surface tension. The initial displacements may be due to slight perturbations of
fluid injection and formation of small capillary waves. Therefore, we are skeptical that a three-dimensional
model would produce a more reliable description of the width and trajectory of a steady rivulet. Although
such an approach could provide additional insight into the fluid physics of rivulets, it is well beyond our intent
of examining how well a simple technique predicts the general behavior of our data.
6. Concluding remarks

The research presented considers fully-developed, laminar rivulet flow in vertical parallel-wall channels for
flows intermediate between a lower limit of droplet flow and an upper limit where the rivulets meander. In a
previous paper, the authors derived relations to predict the terminal Reynolds number and non-dimensional
width of the rivulet under the approximation that the width is large relative to the gap width of the plates
(McCreery and McEligot, 2004). The objective of the present study is to examine the limits of this simple
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treatment as the relative width becomes small, i.e., as the rivulets become narrow. Experiments were per-
formed measuring rivulet widths and flow rates for gap widths ranging from 0.152 mm to 0.914 mm with
water, light mineral oil, ethyl alcohol and water with a wetting agent.

The various fluids provided a fairly wide range of properties to test the analytical model. The various gap
widths and fluids employed provided a range of rivulet Reynolds numbers ranging from approximately 5 to
1400. For any given gap width, the simple treatment and data show that both the rivulet velocity and
Reynolds number are approximately constant and that Wi varies approximately linearly with flow rate.
Predicted values of inner rivulet width Wi agreed very well with measured values and were mostly within
experimental uncertainty for Wi/d as low as unity and less. Predicted outer rivulet width Wo agreed reasonably
well with experimental results within about 20% and less. Results of a finite-element representation of rivulet
flow indicate that the agreement at low aspect ratios Wi/d is due to overprediction of velocity in the central
region of the simple approximation compensating, at least partially, for neglecting flow in the edge region.
The simple representation of McCreery and McEligot was extended to include the edge region, producing
a one-dimensional treatment across the full width. Although the shape of the predicted flow rate versus inner
width curve is better predicted by the one-dimensional treatment in comparison to a finite-element analysis, it
provides no overall improvement in accuracy compared to the simpler approximation. Consideration of
‘‘Occam’s razor’’ (Mainzer, 1994) favors the simpler approach for most applications. It may prove that the
one-dimensional model is more accurate for small values of rivulet width compared with gap width. However,
the data are not yet sufficient to test this hypothesis. It remains for future studies to extend these initial results
to flows in channels with more complex geometry, such as geological fractures.
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